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r, s ∈ Pprä =⇒
]5ExD2`a@�K

u ∈ Pprä � `aK ΣBSP ` u = rs � B�OR�����qC � B�|�KG`�Q<C���@f]�O � ]�C}�B�S�@;I-C��FQ<C
r
T

{
r = a

� � `aK a ∈ A
T����-��H�]

u ≡ rs
T

{
r = ar′

�0�[I<�R���qC � B�|�KG`�Q<C�EG�FQ<O�I-B�ERE�]�KG�5B�C�D�D2`a@�K)]5E u′ � `aK ΣBSP ` u′ = rs
T�}AH�ERQuD2`aHaK

au′ = a(r′s) =
(ar′)s = rs

C;I<����{�N�3F�MB�C ��� ]�C���]5����]�C�OR]�DF]�HaC�S
��O��WH�]�`�������]�`aK(T�V[I u′ ∈ Pprä
^;`�ERK[I-B����

au′ ∈
Pprä

^�I-H�ERQ�DF]�C#��D2K
u := au′ � ]�OM}AB�ERE�I-DF]2T

{
r = r1 + r2

�0�[I<�R�d�qC � B�|�KG`�Q<C�EG�FQ<O�I-B�ERER]�KG�5B�C�D�D2`a@�Kn]5E u1, u2 ∈ Pprä � `aK u1 = r1s
B�C � u2 = r2s

T����-��H�]
u ≡ u1 + u2

T�V�I-C�C�D2`aHaK�`aC
ΣBSP � u = u1 + u2 = r1s + r2s = (r1 + r2)s

T
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p ≡ abc
B�C � q ≡ abd

T���`aO¥�(]�`aDF]�Cu�5B�C;�<�R��EGK
p '2 q

T
¦sEWD2`aHaK

c '0 d
^fERQ � `aK bc '1 bd

^ � I bc
x
→ p′ =⇒ x = b

B�C � p′ = c
Tf¦sEWD2`a@�K[C~B�C

q′ = d � `aK
p′ '0 q′

B�C � bd
b
→ q′

Tf�[]�C;I-B�E�Q�D2`aHaK�I-C � ]�OREG��]�OGB � � }AB�E bd
x
→ q′

S§Q<HaD2K
x = b

B�C � q′ = d
^!B�C �

¨ `aOY©�C � ]�C p′ ≡ c � `aK bc
b
→ p′

B�C � p′ '0 q′
T

�=]�`aKR]�OxD2`aHaK
abc '2 abd

^ � ]�C�C abc
x
→ p′ =⇒ x = a

B�C � p′ = bc
T���`aOx©�C � ]�C q′ = bd � `aK

abd
a
→ q′

B�C � p′ '2 q′
^ ¨ `�]xDF]�O�I � ]nDF]��(]�`aD2K(Tf}AC;I-H�Q<D�S§Q<HaD2K abd

x
→ q′ =⇒ x = a

B�C � q′ = bd ª��`�]�OG�5B�©�C � ]�C ¨ `aO p′ = bd � `aK abd
a
→ p′

B�C � p′ '2 q′
T

}�C�DF]�C�Q ��� ]�Cz^f]5EWD2`aHaK abc '3 abd
ToV�I-C�C«D2`aHaK

bc '2 bd
^ � I abc

a
→ bc ª C;I<����VW] ©�C�`aKG`�Q<C�D2`a@�K[]5EI-H�ERQ

q′ � `aK abd
a
→ q′

B�C � q′ '2 bd
T�¦sEYS§Q<HaD2K

q′ = bd
^;I-H�ERQ

bc '2 bd
T��AB�C�D2`aHaK

bc
b
→ c

^�I-H�ERQ)D2`a@�K
]5E

q′′ � `aK bd
b
→ q′′

B�C � c '1 q′′
T!}�B�E

bd
b
→ q′′

S§Q<HaD2K
q′′ = c

^oI-H�ERQ
c '1 d

T;VW`�]5E�`�ERKAI-@o]�O�S§I-H�E��R�z^
� I c

c
→ X

^�I-@f]�O
d 6

c
→ X

T
@!�¬��`aO¥�(]�`aDF]�Cu�5B�C;�<�R��EGK(^ � I<ERE ' ]�`aC�]�­®`�EG` � B�HJI-KG`�Q<C«`�EGK ª�� I-O�I-B�EYS§Q<HaD2K � I-C�C p ' q =⇒ p - q

T
{�­¥.o¯%�«�[]�HaKR]

p ' q
B�C � p

a
→ p′ � `aK p′ 6≡ X

To.�]�`
n ∈ N

T;V�I-C�CuD2`aHaK
p 'n+1 q

^!I-H�ERQ°©�C � ]�C ¨ `aO q′

� `aK q
a
→ q′

B�C � p′ 'n q′
T�V�I

n
@f]�Ha`�]�@�`aD�^;I-H�ERQ

p′ 'n q′
S���O�I-HaH�]

n ∈ N
^�I-H�ERQ

p′ ' q′
T

{�­¥.�/F��}�C;I-H�Q<D�T
{�­¥.�±F�«�[]�HaKR]

p ' q
B�C � p

a
→ X

T#V[I-C�C¤D2`aHaK
p '1 q

^~B�C �¤� I � `aK�©�C � ]�C ¨ `aO q′ � `aK q′
a
→ X

T~}AC;I-H�Q<D
�(]�`aD2K � I-Cz^ � I<ERE p

a
→ X

` ��² Ha`a�5`�]�OGK(^ � I<ERE q
a
→ X

T
��`aO[�(]�`aDF]�C=C#B�Cz^ � I<ERE p - q =⇒ p ' q

T�V[I-�5B��(]�`aDF]�C ¨ `aO(^ � I<ERE p - q =⇒ p ' q
S���O�I-HaH�]

n ∈ N � B�OR�R�«�:C � B�|�KG`�Q<C�C;I<�R� n
T

(n = 0)
Z[HJI-O(^ � I '0= P0 ×P0

T



(n > 0)
TP�[]�HaKR] � `�]0�qC � B�|�KG`�Q<C�EG�FQ<O�I-B�ERER]�KG�5B�C�D p - q =⇒ p 'n−1 q

T��!B �(]�`aDF]�Cd`�EGK(^ � I<ERE p -

q =⇒ p 'n q
T~��`aO�@o]�KGO�I<���~KR]�C � `�] � OR]�`!Z[HJI-B�ER]�HaC0`aC � ]�O®V[] ©�C�`aKG`�Q<C0�FQ<C 'n

T���]�HaKR]
p - q

^
B�C � ER]�` β

]�`aC�]�­®`�EG` � B�HJI-KG`�Q<C � `aK (p, q) ∈ β
T

¯2T#�[]�HaKR]
p

a
→ q � `aK q 6= X

T~V�I
(p, q) ∈ β

^F©�C � ]�C ¨ `aO q′ � `aK q
a
→ q′

B�C � (p′, q′) ∈ β
TF�WI<���

� T �)T�D2`aHaK(^ ¨ ]�DF]�C p′ - q′
^�`aC�ER@o]5ERQ<C � ]�OR] p 'n−1 q

T
/�T�}�C;I-H�Q<D�T
±�Tf��]�HaKR]

p
a
→ X

T!V�I
(p, q) ∈ β

^!S§Q<HaD2K
q

a
→ X

{
B�C � B � DF]�|F]���OGK � ^zI-H�E�Q�`�EGK�I-B��R� � `�] � OG`aKGKR]­Y] � `aC�D2B�C�D°`aC � ]�OMV[] ©�C�`aKG`�Q<Cu�FQ<C 'n

]�OUS���HaHaK(T
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p ≡ a(b+c)d
T~.�]�KG�(]

p′ ≡ a(bd+cd)
T~V[I-C�C

p′ ∈ Pprä
B�C � β = {(a(b+c)d, a(bd+cd)), ((b+

c)d, bd+cd), (d, d)}
`�EGKs]�`aC�]M­®`�EG` � B�HJI-KG`�Q<C � `aK (p, p′) ∈ β

T<� `aOP�;I-@o]�C � `�]�X�Q<HaDF]�C � ]��W]�OGH�]�`aKGB�C�D �}�B�En{�NPL#�®S§Q<HaD2K
(b + c)d = bd + cd

^!ERQ � `aK a(b + c)d = a(bd + cd)
C;I<�R� � ]�C«�A]5�R��]�C�OR]�DF]�HaC S
��O�WH�]�`��R����]�`aK(T

@!� .�]�`
p ≡ (ab+ b(a+ b))aa

T�.�]�KG�(]
q ≡ a(b+a)+ b(b+a)

T#V�I-C�C
q ∈ Pprä

B�C � β = {((a+ b)(b+
a), a(b + a) + b(b + a)), ((b + a), (b + a))}

`�ERKM]�`aC�]�­®`�EG` � B�HJI-KG`�Q<C � `aK (p, q) ∈ β
T

��`aOM]�OG�;I-HaKR]�Cu`aC
ΣBSP

C;I<����{�NPL#� ^ � I<E�E (a + b)(b + a) = a(b + a) + b(b + a)
T

�%� .�]�KG�(]
q ≡ abaa + b(aaa + baa)

TYX���O � `�]	�A]�OGH�]�`aKGB�C�D�]�OG�;I-HaKR]�C ¨ `aO (ab + b(a + b))aa
(P4)
=

abaa+b(a+b)aa =
(P4)
= abaa+b(aaa+baa)

B�C �n� ]�O_H�]�KG�5KR]�
�]�O � `�EGK�`aC
Pprä

T<¦P`aC�]Y­�`�ER` � B�HJI-KG`�Q<C`�EGK
β = {(ab + b(a + b)aa, abaa + b(aaa + baa)), (b, b), ((a + b)aa, aaa + baa), (aa, aa), (a, a)}

T
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p, q, r ∈ P1
T

IF� VW`�][�WH�]�`�������]�`aK
(p + q) ‖� r = p ‖� r + q ‖� r

`�EGK®|FQ<OGOR]�|#K(T�.�]�`
∆1 = {(p, p) | p ∈ P1}

T���`aOYER]�KG�(]�C
β = {((p + q) ‖� r, p ‖� r + q ‖� r) | p, q, r ∈ P1} ∪ ∆1

T!��`aOA�(]�`aDF]�Cz^ � I<ERE β
]�`aC�]¢­®`�EG` � B�HJI-KG`�Q<C`�EGK(T

{�­¥.o¯%�«�[]�HaKR]
(p + q) ‖� r

a
→ s � `aK s 6= X

^�ERQ)�;I-@f]�C ¨ `aO � `�][S§Q<HaDF]�C � ]�C�� \<D2Ha`��R��|F]�`aKR]�C �¯2T
p

a
→ p′ � `aK p′ 6= X

B�C � s = p′ ‖ r/�T
q

a
→ q′ � `aK q′ 6= X

B�C � s ≡ q′ ‖ r±�T
p

a
→ X

B�C � s ≡ rL�T
q

a
→ X

B�C � s ≡ r
T

��`aOM]�OG�;I-HaKR]�C�S
��O � ]�C�NsORQ<�(]5ERE (p + q) ‖� r
]�C~KRE ² OR]5�R��]�C �¯2T

p ‖� r + q ‖� r
a
→ p′ ‖ r =: s′/�T

p ‖� r + q ‖� r
a
→ q′ ‖ r =: s′±�T

p ‖� r + q ‖� r
a
→ r := s′L�T

p ‖� r + q ‖� r
a
→ r := s′B�C � ]5E¥D2`aHaK (s, s′) ∈ β

T
{�­¥.�/F��� � DF]�|F]���OGKWI-C;I-H�Q<D�T{�­¥.�±F��|<I-C�C�C�`����~K[I-B�S
KGOR]�KR]�CzT



@!� VW`�]A�WH�]�`��R����]�`aK
(p+q) ‖ r = p ‖ r+q ‖ r

`�EGKs` � }AHaHaDF] � ]�`aC�]�C8S§I-H�ER���zT2� `aOs@o]�KGO�I<���~KR]�C8S�Q<HaDF]�C � ]5E�[]�DF]�C~@f]�`�E ² `�]�H � p ≡ a
^
q ≡ b

B�C � r ≡ c
T-}AC�DF]�C�Q ��� ]�Cz^ (p+q) ‖ r - p ‖ r+q ‖ r

�F]�O � \<DF]Y]�`aC�]�O­®`�EG` � B�HJI-KG`�Q<C β
T �u`aK � ]�C�V[] ©�C�`aKG`�Q<C�]�C��FQ<C p, q, r

]�OGD2`a@�K�ER`��R�
((a + b) ‖ c, a ‖ c + b ‖ c) ∈ β

T
V�I

(a + b) ‖ c
c
→ a + b

^�D2`a@�K�]5E
q′ � `aK a ‖ c + b ‖ c

c
→ q′

B�C � (a + b, q′) ∈ β
T

V�I
a ‖ c + b ‖ c

c
→ q′

]�OG��HJI-HaKR]�C ¨ `aO�� ¨ ]�`�XP�-HaH�][S���O q′
T

���������
	
q′ = a

ToV�I-C�C«D2`aHaK
(a + b, a) ∈ β

^!` � � ` � ]�ORE ² OGB������5B β
­�`�ER` � B�HJI-KG`�Q<C { � I a + b

b
→ XI-@o]�O

a
b
→ X

C�`����~K � \<D2Ha`����zT
���������
	

q′ = b
T�}AC;I-H�Q<D�T


