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OG� ��bcJjB�^�aD�(^�E
t1 ≡ ay ‖ yx

C�E��
t2 ≡ δy + (a + b)x

V���bcJ�����BKB�^�E
s1, s2

bcE�STJ��$����U�I<JD����E���^�EA_;BKI
��O<BKB

ΣACPR, x = t1, y = t2 ` ti = si
U
��J

i = 1, 2
V

Z���J
t2
^�JDM;O-NcaK^�E���bcJ

δy + (a + b)x = δ + (a + b)x (P17)

= (a + b)x (P16)

= ax + bx (P4)

��V MAV���bca
s2 = ax + bx

b�BDaj��b�^��[^�M;O-C���aDC�E�F�U���J
t2
FG^��(^�bcF2a(V

Z���J
t1
F2bcNca

ay ‖ yx = ay ‖� yx + yx ‖� ay + ay | yx (P6c)

= a(y ‖ yx) + (ax + bx)x ‖� ay + ay | (ax + bx)x (P8, y = t2 = s2)

= a(y ‖ yx) + (axx + bxx) ‖� ay + ay | (axx + bxx) (P4)

= a(y ‖ yx) + axx ‖� ay + bxx ‖� ay + ay | axx + ay | bxx (P9, P15)

= a(y ‖ yx) + a(xx ‖ ay) + b(xx ‖ ay) + (a | a)(y ‖ xx) + (a | b)(y ‖ xx) (P8, P13)

= a(y ‖ yx) + a(xx ‖ ay) + b(xx ‖ ay) + δ(y ‖ xx) + δ(y ‖ xx) (P18)

= a(y ‖ yx) + a(xx ‖ ay) + b(xx ‖ ay) + δ + δ (P17)

= a(y ‖ yx) + a(xx ‖ ay) + b(xx ‖ ay) (P16)

X]^�J� �^�JD�
s2 = a(y ‖ yx) + a(xx ‖ ay) + b(xx ‖ ay)

b�BDajbcE¡STJ��$���#U�I<JD��_!C�E�����b�^��[^�M;O-C���aDC�E�F
b�BDa�FG^��(^�bcF2a(V

�!� .�^�aD�(^
R = {a, ā}

_
t1 = ∂R(y ‖� x)

C�E��
t2 ≡ ax ‖ āy

V���bcJj�(^�bcFG^�E���b�^|I<�r^�EA_���O<B�B¢^5B
s1
C�E��

s2bcE�STJ��$����U�I<JD�£F2bc��a¢��bca
ΣACPR, x = t1, y = t2 ` ti = si

U���J
i = 1, 2

V
Z���J

t2
^�JDM;O-NcaK^�E���bcJ

ax ‖ āy = ax ‖� āy + āy ‖� ax + ax | āy (P6c)

= a(x ‖ āy) + ā(y ‖ ax) + (a | ā)(x ‖ y) (P8, P13)

= a(x ‖ āy) + ā(y ‖ ax) + aγ(x ‖ y) (P10)

C�E��
s2 ≡ a(x ‖ āy) + ā(y ‖ ax) + aγ(x ‖ y)

b�BDa�bcExSTJ��$���#U�I<JD��V



Z���J
t1
^�JDM;O-NcaK^�E���bcJ

∂R(y ‖� x) = ∂R((a(x ‖ āy) + ā(y ‖ ax) + aγ(x ‖ y) (y = t2 = s2)

= ∂R(a(x ‖ āy) ‖� x + ā(y ‖ ax) ‖� x + aγ(x ‖ y) ‖� x) (P9)

= ∂R(a(x ‖ ay ‖ x) + ā(y ‖ ax ‖ x) + aγ(x ‖ y ‖ x)) (P8)

= ∂R(a(x ‖ ay ‖ x)) + ∂R(ā(y ‖ ax ‖ x)) + ∂R(aγ(x ‖ y ‖ x)) (P21)

= ∂R(a)∂R(a(x ‖ ay ‖ x)) + ∂R(ā) + ∂R(y ‖ ax ‖ x)) + ∂R(aγ)∂R(x ‖ y ‖ x)) (P22)

= δ∂R(a(x ‖ ay ‖ x)) + δ + ∂R(y ‖ ax ‖ x)) + aγ∂R(x ‖ y ‖ x)) (P19, P20)

= δ + δ + aγ∂R(x ‖ y ‖ x) (P17)

= aγ(x ‖ y ‖ x)

C�E��
s1 = aγ(x ‖ y ‖ x)

b�BDa�bcE�SvJ��$���#U�I<JD�£��b�^�FG^�����E�BKL�M{a(V
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(〈x〉, 〈x〉)
E�b�LKM{a]�h^�� O<L�M{a]b�BDa¢��C�JKL�M ^�bcE�^�Ex��b���^�JKBK��JDC�LKM�BD�h^�� ^�b�B(V��Y^�M���^�Ex��bcJ

O-N�BKI�O-EA_���O<BKB
(〈x〉, 〈x〉)

�h^�� O<LKM#a¢b�BDa(V�X�O-E�E F2bc��a�^5B
t
bcE�STJ��$����U�I<JD����bca

ΣACPR, x = x ` x = t
V

�¢N�B�I|F2bcNcajU
��J
a 6= b ∈ A �

ΣACPR ` t[x/a] = a
C�E��

ΣACPR ` t[x/b] = b

X�O
t
bcEfSTJ��$����U�I<JD��_`�G@<E�E�^�Ef��bcJ�O-E�E�^�M���^�EA_T��O<BKB

t
HGI<E ��^�JqZ;I<JD�

t =
∑

i∈I ti
b�BDa(_�U���Jq^�bcE�^

^�E���Ncb�LKM�^��tE���^ ����^�E�FG^
I
C�E��

ti ≡ ai
��bca

ai 6= δ
I#��^�J

ti ≡ bisi
U
��J O-NcN�^

i ∈ I
V{X]O

a
a
→ X

_
b

a
→ XC�E��

t[x/a] = a
���5� V

t[x/b] = b
F2bcNca

t[x/a] a
→ X

C�E��
t[x/b] b

→ X.

�¢N�B�IxF2bc��a8^5B
i, j ∈ I

��bca
ti ≡ a

C�E��
tj ≡ b

VTX�O-��bca�F2bcNca
t[x/a] b

→ X
_`bc� ��b���^�JKBD��JDC�L�M �5C

t[x/a] ≡ a
V

�!� X]^�J|�[^�� ^�b�B�U
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(〈x〉, 〈x + a〉)

b�BDaq�-M�E�Ncb�LKMAV��=^�E�E ��bcJ)O-E�E�^�M���^�EA_
��O<B

(〈x〉, 〈x + a〉)
�h^�� O<L�M{a�b�BDa(_�M;O-�r^�E���bcJ

t
bcE�STJ��$���#U�I<JD�£��bca

ΣACPR, x = x + a ` t = x + a
V

Z���J
a 6= b ∈ A

M;O-�h^�E���bcJ¢��O-E�E

t[x/a] = a + a = a + a
C�E��

t[x/b+a] = (b + a) + a = b + a

X�O
t
bcE=STJ��$����U�I<JD� b�BDa(_h�G@<E�E�^�E���bcJ�O-E�E�^�M���^�EA_���O<BKB

t =
∑

i∈I ti
_h� I<�h^�b

I
^�E���Ncb�L�M=C�E��

ti =
ai 6= δ

I#��^�J
ti = bisi

U���JYO-NcN�^
i ∈ I

V���b�^|I<�h^�ExBKL�M�b�^5BKBK^�E¡��bcJ(_!��O<B�B�^5B
i, j ∈ I

F2bc��aY��bca
ti ≡ aC�E��

tj ≡ b
V�X]O-E�E�F2bcNca�O-�r^�J

a ≡ t[x/a] =
∑

k 6=j

tk + b
b
→ X

O-N�BKI
a

b
→ X
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�
OG�

(〈x〉, 〈x ‖� a〉)
b�BDa�E�b�LKM{a��r^��[O<LKM#a

�
XYb�^ .#C���BKaDbcaDC�aDb�I<E|HGI<E

x ‖� a
U
��J

x
�2O-E�E

x ‖� a
E�b�^�bcE�STJ��$����U�I<JD�

��JDbcE�FG^�EAV

�!�
(〈x〉, 〈b(x ‖ a) ‖ x〉)

b�BDa�E�b�LKM#a¢�h^�� O<LKM#a��!�[^�F2JD��E���C�E�F8��b�^�I<�r^�EAV



L%�
(〈x, y, z〉, 〈y + az, z + bx, x + cy〉)

b�BKa�E�b�LKM{a¢�r^��[O<LKM{a
�
�h^�b��W^5��^�J���@<F2Ncb�L�M�^�E .#C���BDaDbcaDC�aDb�I<E���N�^�bc��a

^�bcE�^���O-JDbPO-��N�^ ����JDbcF�_�HGI<J���^�Jj�G^�bcE�^�O-aKI<��O-JK^ ���#aDb�I<E�BKaK^�M{a(V

�;�
(〈x, y, z〉, 〈y+az, bx, x+cy〉)

b�BDaT�h^�� O<LKM#a(V�.�^�b
t1 ≡ y+z

_
t2 ≡ bx

C�E��
t3 ≡ x+cy

V<��bcJT�(^�bcFG^�EA_
��O<BKB[^5B

s1, s2, s3
bcE STJ��$���#U�I<JD��F2bc��a[��bca

ΣACPR, x = t1, y = t2, z = t3 ` ti = si
U���J

i = 1, 2, 3
V

Z���J
t2
^�JDM;O-NcaK^�E���bcJ�BKI-U�I<JDa(_���O<B�B

s2 = t2 = bx
�h^�JK^�bcaKB�bcE�STJ��$����U�I<JD� b�BDa(V

Z���J
t1
�h^�JK^5LKM�E�^�E ��bcJ

y + az = bx + az
_���O

y = bx
_#C�E��8��bca

s1 ≡ bx + az
b�BDa ��b�^]�[^�� O<L�M{aDM�^�bca

�r^���b�^5B�^�EAV
Z���J

t3
^�JDM;O-NcaK^�E ��bcJjBKLKM�b�^5BKBKNcb�LKM���C�JKLKM�^�bcE�B�^�aD�(^�E���^�J��YN�^�b�LKM�M�^�bcaK^�E U���J

t1
C�E��

t2
_���O<BKB

x + cy =
y+az + cy = bx+az + cy

V��xbca
s3 ≡ bx+az + cy

b�BDa ��b�^¢�[^�M;O-C���aDC�E�F)O-N�B�I�O-C�LKM�U
��J
t3
FG^��(^�bcF2a(V
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� I<�h^�bA��bcJ
0
U
��J

push(0)
C�E��

0̄
U���J

pop(0)
FG^5BKLKM�JDb�^��h^�E�M;O-�h^�E �;O-E;O-N�I<F�U���J

1
C�E��

1̄
V

X�b�^ �:��^5^�b�BDa�E{C�E ��b�^�Z;I<NcFG^�E���^2V���bcJ8��^ ��E�b�^�JK^�E ^�bcE�^�E N�^5^�JK^�E \�^�NcN�^�J
A
_�^�bcE�^�E�\�^�NcN�^�J

A1
_���^5BKBK^�E

I<�r^�JKBDaK^5B|^�N�^���^�E{a�^�bcE�^
1
b�BDa(_�BKI%��b�^8^�bcE�^�E \�^�NcN�^�J

A0
_��r^�b���^�� ��b�^

0
I<�r^�E Ncb�^�F2a(V�XYb�^5BK^8��JK^�b \�^�NcN�^�J

����BKBK^�E���O-E�Ex��^�E U�I<NcFG^�E���^�E��YN�^�b�LKM#C�E�FG^�ExFG^�E#��FG^�E
�

A = (push(0)A0 + push(1)A1)A

A0 = pop(0) + push(0)A0A0 + push(1)A1A0

A1 = pop(1) + push(0)A0A1 + push(1)A1A1

Z�I<JD��O-N�^�JDM;O-NcaK^�E���bcJj��O-E�E�U�I<NcFG^�E���^�E¡STJKI<�(^5BKBDaK^�JD� ����C�JKL�M����h^�JKBK^�aD�(^�E���^�J��]N�^�b�LKM{C�E�FG^�E!�

A = µxx, x0, x1(t, t0, t1)

� I<�h^�b
t = (push(0)x0 +push(1)x1)x

_
t0 ≡ pop(0)+push(0)x0x0 +push(1)x1x0

C�E��
t1 ≡ pop(1)+

push(0)x0x1 + push(1)x1x1
_���^�Jj��^�E�\�^�NcN�^�Jj��b�^�HG^�JDNPO-E�F2a¢��I#��^�NcNcb�^�JDa(V


