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Remarks:

e A binary relation R over some set D is called total if for every d; € D there is
d> € D with (dl, dg) € R.

e To indicate the basis of an STS I" we will also write I'(SIG, S). Furthermore, we
will often write SIGr, Sr, Fr, Pr, Sr, Xr, Vr, Sr, T, Wr for the single ingredients
of a given I'(SIG, S) and depict an execution sequence (19, 71,12, - - .) by

Mo — N1 —— M2 — ...

e An STS is called first-order in the definition because the system variables of the
set X range over arbitrary sorts of individuals. If X = () then the STS is called
propositional. (In this case, SIG and S are irrelevant and can be omitted from the
definition. The corresponding theory is a propositional theory.)
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Specifications

Definition(Language L r):
LetT" = (X, V,S,T) be an STS over SIG and S. A language L (TSIGr) with
TSIGr = (SIG, X, V) is called language of linear temporal logic of I' and denoted
by L,r. A formula of ker(Lr) is called state formula of T'.
Note: For every execution sequence W of I' the pair K = (S, W) is a temporal
structure for TSIGr.
Definition(I'-Validity):
For a transition system I' (over SIG and Sr) let

Cr = {K = (Sr, Wr) | Wy is an execution sequence of I'}.
A formula A of Lr is called I'-valid (denoted by £ A) if A is valid in every K € Cr.
A Cr-FOLTL-theory (briefly: I'-theory) is called FOLTL-Specification of I'.
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Rooted Transition System

Definition(Rooted Transition System):

A rooted (state) transition system (briefly: rSTS)

I'=(X,V,S,T,start) (over some SIG and S) is an STS I''(SIG,S) = (X, V,S, T)
together with a closed formula start of ker(L ) called initial condition. An
execution sequence of I' is an execution sequence (19, 71,72, - - .) of I with

St (start) = tt.

(A formula is called closed if it does not contain free variable occurences. For
closed formulas A we also write S(7:)(A) instead of S(¢:7)(A) since this value does
not depend on &.)

Theorem:
For every rSTS I the following axiom is I'-valid:

(rootr) init — startr.
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Example(Towers of Hanoi):

SIG = ({STONE, PILE}, { TOWER, EMPTY , PUSH, POP, TOP},{<, DECR})

S:  |S|lsrone =11,...,n} Slpize = {1,...,n}"
S(TOWER) = (n,n—1,...,2,1),

EMPTY) =&,

F. Kréger: Temporal Logic and State Systems WS 2003/04

3
nn



Specification and Verification of State Systems: Transition Systems 9

rISTS I'(SIG,S):

X = Xpig = {p1, p2, p3}

V=0

S:{n | 773XP[LEH {1,...,n}*}

T ={(nn")eSx8| np)#e, top(n(p:)) < top(n(p;)) it n(p;) # e,
n'(pi) = pop(n(pi)),
n'(p;) = push(n(p;), top(n(p:))), o T

n'(pr) = 1(Pk);
i, 7,k € {1,2,3} (pairwise distinct) } )
U{(n,n) € S x S | there does not exist an " € S with (n,n") € T’}

\

Notation: T = tot(T'): total closure of 7T".

start = p1 = TOWER A po = EMPTY N p3s = EMPTY
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Labeled STS

Definition(Labeled STS):
A labeled (state) transition system (briefly: ISTS) I' = (X, V, S, T, Act) is given by
e a finite set Act of actions

e an STS TV = (X, V,S, T) with V' containing elements ezec\ for every A € Act
and such that, if (n,n") € T and n(ezec\) = ff for every A\ € Act, then ' = .

An execution sequence of I' is an execution sequence of I".

Abbreviation: For any ISTS I" with Act = {\{,..., A\, } let

nilp = —exec A1 N\ ... N\ —exec,.

Remark: Rooted labeled STS (rISTS) are defined analogously.
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12

Theorem:

For every (n1STS I the following axiom is I'-valid:

(nilr) nilp N A — OA if Ais a state formula of T’

Conclusion:
Let I be an (r)ISTS. The following derived rule is I'-valid:
execAN A — OB forall A € Actr
(trans) nilb NA — B

- A — OB if Aand B are state formulas of I
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Fair STS

Definition(Fair STS):

A fair STS (briefly: fSTS) isan ISTSI' = (X, V, 5, T, Act) with a formula enabled)

of ker(Lr) for every A € Act (enabling condition). An execution sequence of ' is a

sequence (ng, n, - - -) (in the previous sense) with the following additional

properties:

e Forall A € Act and i € Ny: If S(Fm)(e:cec)\) = tt then S(Fm)(enabledA) = {t.

e Forall A € Act: If S%nk)(enablecb\) = tt for infinitely many £ then S(Fm“)(e:z:ec)\) = it
for infinitely many k (fair execution sequence).

Remark:
Rooted fair STS (rfSTS) are defined analogously.
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