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Goals

Get to know

• equational deduction and proof by rewriting

• confluence of rewriting systems

• canonical term algebras
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Equational Deduction
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Equational Deduction
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Equational Deduction
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Soundness and Completeness Theorem

Theorem
Let (Σ,E) be a (conditional equational specification, and
let t,t‘ be two ground Σ-terms.

Then

T ⊢ t = t′ if, and only, if T |= t = t′ .
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Equational Simplification
• From a computational point of view it is in general very inefficient to 

carry out equational proofs with the general inference rules that 
we have already discussed. It may be appropriate to use them for
theorem proving purposes, but it would not be reasonable to 
use them for equational programming purposes.

• In Maude, the distinction between theories, with loose semantics, 
and modules, with initial algebra semantics, is not only a distinction 
of loose vs. initial, but it is also one of inefficient vs. efficient 
executability.

• That is, in modules we assume that equations can be efficiently 
executed by equational simplification from left to right; for 
theories we make no such assumptions.
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Equational Simplification



5

9Equational Specification in Maude 

M. Wirsing: Foundations of System Development

Term Positions and Subterm Occurrences
• Each Σ-term can be viewed as a tree in the obvious way. 

• Each position in the tree can be denoted by a string of natural
numbers, indicating the path that we must follow to go down in the
tree and reach the position.

• At each level, the corresponding number in the string indicates the
argument position on which we must go down, to finally reach the
desired position. 

For example, the term

f(h(d), q(b, a), g(a, k(c))) 

has the subterm k(c) at position 3.2. 

• Given a Σ-term t and a position π we denote by t/π the subterm
occurring at that position; thus, 

f(h(d), q(b, a), g(a, k(c)))/3.2 = k(c).
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Term Replacement
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The Equational Rewriting Relation
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The Equational Rewriting Relation
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Remarks on the Equational Rewriting Relation
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Soundness of the Equational Rewriting Relation

Proof by induction on the number of the rewrite steps.
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Confluence
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Completeness of Confluent Equations

Proof: The (⇐) part follows easily from the soundness theorem for equational
simplification, the Variable Expansion Lemma, Symmetry, and Transitivity. The
proof of the (=>) part is by induction on the depth of the proof term. Proof of 
transitivity needs the confluence property.



9

17Equational Specification in Maude 

M. Wirsing: Foundations of System Development

Termination
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Canonical Forms



10

19Equational Specification in Maude 

M. Wirsing: Foundations of System Development

The Canonical Term Algebra
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Example of Canonical Term Algebra
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Example of Canonical Term Algebra
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The Canonical Term Algebra is Initial

Proof: Show that TΣ/E and CanΣ/E are isomorphic:
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Summary
• Execution of equational specifications in Maude is based 

on equational simplification.
• If the equational rules are confluent, then simplification 

is equivalent to equational deduction.
• If the equational rules are confluent and terminating, 

then the canonical term algebra is an initial model. 


