
IMP: Eingaben
S ∈ Stm ::= . . . | newvar x := a in S | abort | out a | in x

Erweiterter, rekursiver semantischer Bereich

Ω ∼= (Σ̂ + (Z× Ω) + (Z→ Ω))⊥

Isomorphismus Ω
ϕ−−−→←−−−
ψ

(Σ̂ + (Z× Ω) + (Z→ Ω))⊥

Injektionen
ιnorm : Σ→ Σ̂ ιnormσ = σ

ιabnorm : Σ→ Σ̂ ιabnormσ = (abort, σ)
ψ ◦ b−c ◦ ι1 ◦ ιnorm = ιterm : Σ→ Ω

ψ ◦ b−c ◦ ι1 ◦ ιabnorm = ιabort : Σ→ Ω
ψ ◦ b−c ◦ ι2 = ιout : (Z× Ω)→ Ω
ψ ◦ b−c ◦ ι3 = ιin : (Z→ Ω)→ Ω
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IMP: Eingaben
Funktionserweiterung f : Σ→ Ω zu f∗ : Ω→ Ω

f∗⊥Ω = ⊥Ω

f∗(ιterm σ) = f σ

f∗(ιabort σ) = ιabortσ

f∗(ιout(n, ω)) = ιout(n, f∗ ω)
f∗(ιin g) = ιin(λv . f∗(g v))

Funktionserweiterung f : Σ→ Σ zu f† : Ω→ Ω

f†⊥Ω = ⊥Ω

f†(ιterm σ) = ιterm(f σ)
f†(ιabort σ) = ιabort(f σ)

f†(ιout(n, ω)) = ιout(n, f† ω)
f†(ιin g) = ιin(λv . f†(g v))
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IMP: Eingaben

S ∈ Stm ::= . . . | newvar x := a in S | abort | out a | in x

Semantische Funktion SJ−K : Stm→ [Σ→ Ω]

SJskipK = ιterm

SJx := aK = λσ . ιtermσ[x 7→ AJaKσ]
SJS1 ; S2K = SJS2K∗ ◦ SJS1K
SJif b then S1 else S2K = ite(BJbK,SJS1K,SJS2K)
SJwhile b do SK = Y[Σ→Ω](λf . ite(BJbK, f∗ ◦ SJSK, ιterm))

SJnewvar x := a in SK =
λσ . (λσ′ ∈ Σ . σ′[x 7→ σ(x)])†(SJSK(σ[x 7→ AJaKσ]))

SJout aK = λσ . ιout(AJaKσ, ιtermσ)
SJin xK = λσ . ιin(λv . ιterm(σ[x 7→ v]))

Semantik von Programmiersprachen



IMP: Fortsetzungssemantik

S ∈ Stm ::= . . . | newvar x := a in S

Semantische Funktion CJ−K : Stm→ [Σ→ P]→ [Σ→ P]

CJskipKκ = κ

CJx := aKκ = λσ . κ σ[x 7→ AJaKσ]
CJS1 ; S2Kκ = CJS1K (CJS2Kκ)
CJif b then S1 else S2Kκ = ite(BJbK, CJS1Kκ, CJS2Kκ)
CJwhile b do SKκ = Y[Σ→P](λκ

′ . ite(BJbK, CJSKκ′, κ))

CJnewvar x := a in SKκ =
λσ . CJSK(λσ′ ∈ Σ . κ σ′[x 7→ σ(x)])(σ[x 7→ AJaKσ])

parametrisch in Bereich P

Für P = Σ⊥ CJSKκσ = κ⊥⊥(SJSKσ)
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IMP: Fortsetzungssemantik
S ∈ Stm ::= . . . | newvar x := a in S | abort | out a | in x

CJ−K : Stm→ [Σ→ Ω]→ [Σ→ Ω]→ [Σ→ Ω]

CJskipKκt κf = κt

CJx := aKκt κf = λσ . κt σ[x 7→ AJaKσ]
CJS1 ; S2Kκt κf = CJS1K (CJS2Kκt κf)κf

CJif b then S1 else S2Kκt κf = ite(BJbK, CJS1Kκt κf, CJS2Kκt κf)
CJwhile b do SKκt κf = Y[Σ→Ω](λκ

′ . ite(BJbK, CJSKκ′ κf, κt))

CJnewvar x := a in SKκt κf =
λσ . CJSK(λσ′ . κt σ

′[x 7→ σ(x)])
(λσ′ . κf σ

′[x 7→ σ(x)])(σ[x 7→ AJaKσ])
CJabortKκt κf = κf

CJout aKκt κf = λσ . ιout(AJaKσ, κt σ)
CJin xKκt κf = λσ . ιin(λv ∈ Z . κt σ[x 7→ v])
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IMP: Ausnahmen

e ∈ Exc

S ∈ Stm ::= . . . | begin S1 handle e: S2 | raise e

CJ−K : Stm→ (Exc→ [Σ→ P])→ [Σ→ P]→ [Σ→ P]

CJskipK η κ = λσ . κσ

CJx := aK η κ = λσ . κ(σ[x 7→ AJaKσ])
CJS1 ; S2K η κ = λσ . CJS1K η(λσ′ . CJS2K η κ σ′)σ
CJif b then S1 else S2K η κ = ite(BJbK, CJS1K η κ, CJS2K η κ)
CJwhile b do SK η κ = Y[Σ→P](λκ

′ . ite(BJbK, CJSK η κ′, κ))

CJbegin S1 handle e: S2K η κ = CJS1K(η[e 7→ CJS2K η κ])κ
CJraise eK η κ = ηe
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ASSN: Syntaktische Kategorien

n ∈ Num
x ∈ Var

X ∈ Log

t ∈ Term ::= n | x | X
| t1 + t2 | t1 − t2 | t1 · t2

A ∈ Frm ::= tt | ff
| t1 = t2 | t1 ≤ t2
| ¬ A | A1 ∧ A2 | A1 ∨ A2 | A1 ⇒ A2
| ∀ X . A | ∃ X . A
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ASSN: Freie logische Variablen

flog : Term ∪ Frm→ ℘Log

flog(n) = flog(x) = ∅
flog(X) = {X}
flog(t1 + t2) = flog(t1 − t2) = flog(t1 · t2) = flog(t1) ∪ flog(t2)

flog(tt) = flog(ff ) = ∅
flog(t1 = t2) = flog(t1 ≤ t2) = flog(t1) ∪ flog(t2)
flog(¬A) = flog(A)
flog(A1 ∧ A2) = flog(A1 ∨ A2) = flog(A1 ⇒ A2) = flog(A1) ∪ flog(A2)
flog(∀X .A) = flog(∃X .A) = flog(A) \ {X}
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ASSN: Substitutionen

Substitution ζ : Log→ Term

Für A ∈ Frm sei Xζ,A ε Log \
⋃
{flog(ζ(X′)) | X′ ∈ flog(A) \ {X}}.

nζ = n, xζ = x, Xζ = ζX

(t1 bop t2)ζ = (t1ζ) bop (t2ζ), für bop ∈ {+,−, ·}

(t1 bop t2)ζ = (t1ζ) bop (t2ζ), für bop ∈ {=,≤}
(¬A)ζ = ¬(Aζ)
(A1 bop A2)ζ = (A1ζ) bop (A2ζ), für bop ∈ {∧,∨,⇒}
(QX .A)ζ = QXA,ζ .A(ζ[X 7→ XA,ζ ]), für Q ∈ {∀,∃}

Analog für Substitutionen ζ : Var→ Term
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ASSN: Kompositionale Semantik von Termen

Semantischer Bereich
I Interpretationen Val = Log→ Z

Semantische Funktion T J−K : Term→ (Val→ Σ→ Z)

T JnK I σ = N JnK
T JxK I σ = σ(x)
T JXK I σ = I(x)

T Jt1 + t2K I σ = T Jt1K I σ + T Jt2K I σ

T Jt1 − t2K I σ = T Jt1K I σ − T Jt2K I σ

T Jt1 · t2K I σ = T Jt1K I σ · T Jt2K I σ

Einbettung von AExp in Term (+ 7→ +, - 7→ −, * 7→ ·)
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ASSN: Gültigkeit von Formeln
Semantische Relation |= ⊆ (Val× Σ)× Frm

I, σ |= tt

I, σ |= t1 = t2, falls T Jt1K I σ = T Jt2K I σ

I, σ |= t1 ≤ t2, falls T Jt1K I σ ≤ T Jt2K I σ

I, σ |= ¬A, falls I, σ 6|= A

I, σ |= A1 ∧ A2, falls I, σ |= A1 und I, σ |= A2

I, σ |= A1 ∨ A2, falls I, σ |= A1 oder I, σ |= A2

I, σ |= A1 ⇒ A2, falls I, σ 6|= A1 oder I, σ |= A2

I, σ |= ∀X .A, falls I[X 7→ v], σ |= A für alle v ∈ Z
I, σ |= ∃X .A, falls I[X 7→ v], σ |= A für ein v ∈ Z

I Erweiterung zu |=⊥⊥ ⊆ (Val× Σ⊥)× Frm mit I,⊥ |=⊥⊥ A
I I |= A ⇐⇒ ∀σ ∈ Σ . I, σ |= A
I |= A ⇐⇒ ∀I ∈ Val, σ ∈ Σ . I, σ |= A

Einbettung von BExp in Frm (true 7→ tt, false 7→ ff , = 7→ =, &c.)
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ASSN: Substitutionslemmata

Lemma Seien I ∈ Val, σ ∈ Σ, t, t′ ∈ Term, A ∈ Frm und X ∈ Log.
1. T Jt[X 7→ t′]K I σ = T JtK I[X 7→ T Jt′K I σ]σ;
2. I, σ |= A[X 7→ t] ⇐⇒ I[X 7→ T JtK I σ], σ |= A.

Lemma Seien I ∈ Val, σ ∈ Σ, t, t′ ∈ Term, A ∈ Frm und x ∈ Var.
1. T Jt[x 7→ t′]K I σ = T JtK I σ[x 7→ T Jt′K I σ];
2. I, σ |= A[x 7→ t] ⇐⇒ I, σ[x 7→ T JtK I σ] |= A.
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IMP/ASSN: Hoare-Tripel für partielle Korrektheit

Partielle Korrektheitsaussage {A} S {A′} mit A,A′ ∈ Frm, S ∈ Stm

Gültigkeitsrelation I ∈ Val, σ ∈ Σ, A,A′ ∈ Frm

I, σ |= {A} S {A′} ⇐⇒ (I, σ |= A ⇒ I,SJSKσ |=⊥⊥ A′)

I I |= {A} S {A′} ⇐⇒ ∀σ ∈ Σ . I, σ |= {A} S {A′}
I |= {A} S {A′} ⇐⇒ ∀I ∈ Val, σ ∈ Σ . I, σ |= {A} S {A′}

Ableitbarkeitsrelation
I ` gemäß Hoare-Kalkül für partielle Korrektheit
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IMP/ASSN: Hoare-Kalkül für partielle Korrektheit

{A}skip {A}(skiphp)

{A[x 7→ a]} x := a {A}(assignhp)

{A} S1 {A′} {A′} S2 {A′′}
{A} S1 ; S2 {A′′}

(seqhp)

{A ∧ b} S1 {A′} {A ∧ ¬b} S2 {A′}
{A}if b then S1 else S2 {A′}

(ifhp)

{A ∧ b} S {A}
{A}while b do S {A ∧ ¬b}

(whilehp)

{A′1} S {A′2}
{A1} S {A2}

, falls |= A1 ⇒ A′1, |= A′2 ⇒ A2(conshp)
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