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Goals

e Refinement of data structures and specifications
e Simulation of data structures
e FRI-implementations
e Parameterized specifications
e Signature and theory morphism
e Parameter passing in Maude

M. Wirsing: Foundations of Systems Development MiS
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Change of Data Structures

"Simulation” of a Y¥-structure through a X;-structure.

e A (S, F)-structure A is simulated by a (51, F})-structure B if every carrier set A of
A is represented by a subset

Reps € By
of a carrier set B, of B and if every function symbol f € F'is represented by a
function symbol f; € F.

e Plenty elements of Rep, can represent the same element of A;. This induces a
congruence relation ~.

e Rep must be closed under the operations of F'.
e ~, must be compatible with the operations of A,.

®* Remark

m Often X1 has to be extended by definitions of the X-operations.
m In Maude, Rep is usually represented by a subsort.

M. Wirsing: Foundations of Systems Development
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Simulation

Definition(Simulation):
1. Let ¥ C 3.

A El-atructure B 5|mu|ate5 identically a X-structure A w.r.t. Rep
(a) Rep C B, for all s

(b) ~% is a S-congruence on Rep for all s € S, and

BB if

(c) A is isomorphic to Rep” / ~ B \whereby
Rep”/ ~P=act ((Repl)/ ~D)ees.
2. A X;-structure B simulates a Y-structure A w.r.t. renaming p: ¥ — %1, Rep®? and
B .
if

™t

(a

)
(b) ~Pisa p(X)- congruence on Rep for all s € S, and
(c) 4 >~ Rep® / ~B

Therefore every identic simulation is a simulation. W.r.t. the inclusion in : ¥ — ;.

Rep C B for all s

M. Wirsing: Foundations of Systems Development
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Example: Sets by lists

e (Consider the following signature of sets over natural numbers:
Sig (CHAR-SET) =
including Sig (BOOL) . including Sig (CHAR)
sort Set
op mt : Set
op { } : Char -> Set
op add : Char Set -> Set

op v : Set Set -> Set
op in : Char Set -> Bool
* Let P;,(A) be the standard Sig(CHAR-SET)-algebra of finite sets of character
symbols.

* Let Sig(SET-by-SEQ) be a signature of lists over character symbols which
includes the operatlons of SIgQ(CHAR-SET); i.e. Sig(SET-by-SEQ) has the
form

sorts Char, Seqg, .. op empty: -> Seq .
* Letp: SIQ(CHAR-SET) -> Sig(SET-by-LIST) defined by
sort Set to Seqg .
l.e. p(Set) = Seg and p(x) = x otherwise .

M. Wirsing: Foundations of Systems Development ™
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Umbenennung von Spezifikationen (Renaming)

 Ein Signaturmorphismus (Signature Morphism, Renaming) ist eine
Abbildung zwischen Signaturen, bei der die Funktionalitat der
abgebildeten Funktionssymbole mit der Abbildung der Sorten vertraglich
Ist.

Seien L= (S.F) und X' = (S',F') Signaturen. Eine Abbildung G = (Gsort, Oop) Mit
GSG?‘I:S_}AS‘( ng:F—*Ff

heifst Signaturmorphismus von X nach X', geschrieben 6 : L — X', wenn fiir alle f € Fy5, o1
oilt
&

Oop (f) : Gsarf('sl) 11111 Fsar'r(f"n) - Gsm-r(g)

das heifst, wenn die Funktionalitcit von G,y (f') mit der Abbildung der Sorten vertrdglich ist.

M. Wirsing: Foundations of Systems Development
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Signaturmorphismus

Beispiel Vertraglichkeit von p,,.und p,

Ist etwa
= p_.(Set) = Seq, p.,:(Char) = Char, p_,(Bool) = Bool und
p(in) = in und gilt
m in : Char Set -> Bool in der Signatur %,
dann muss in der Bildsignatur gelten
= in : Char Seq -> Bool

M. Wirsing: Foundations of Systems Development
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Signaturmorphismus in Maude

Seien Signaturen X und X’ gegeben.
Eine Umbenennung o (zwischen Zeichen) der Form
sort s; to gl

sort s, to g, .
op f£; to g; .

op £, to g; .
wobei
Sorten von X auf Sorten von ¥’ und
Funktionszeichen von X auf Funktionszeichen von X’
(ohne Angabe der Funktionalitat)

so abgebildet werden, dass sie vertraglich mit der Abbildung der Sorten
sind,
ist ein Signaturmorphismus c:X -> X',

M. Wirsing: Foundations of Systems Development ™
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Specification of Finite Sets in Maude

fmod CHAR-SET 1is
protecting BOOL . protecting STRING

sorts Set . subsorts Char < Set

var £E E1 : Char . var S : Set

op mt : -> Set [ctor]

op _ : Set Set -> Set [ctor comm assoc 1d: mt]
eq E E =k

op in : Char Set -> Bool

eq E in (E1 S) = (E == E1) or (E in S)

eq E in mt = false

op add : Char Set -> Set

eq add(E, S) = E S

M. Wirsing: Foundations of Systems Development
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Specification of Finite Lists in Maude

fmod CHAR-SEQ is

protecting BOOL . protecting STRING

sorts Seqg NeSeqg . subsorts Char < NeSeqg < Seq

op empty : —-> Seq [ctor]

op ; : Seq Seqg -—> Seq [ctor assoc 1d: empty]
op ; : NeSeqg NeSeqg -> NeSeqg [ctor assoc id: empty]
vars S S1 : Seq . vars E E1 : Char

op 1in : Char Seq -> Bool

eq BE in (E1 ; S) = (E == E1) or (E in S)

op dell : Char Seqg -> Seq
*** dell (E, S) deletes one occurrence of E in S

op delAll : Char Seg -> Seq
*** delAll (E, S) deletes all occurrences of E in S

x
unn

M. Wirsing: Foundations of Systems Development



Change of Data Structures 11

Simulation of Sets by Lists

The structure A* of finite lists simulates the structure of
finite sets P¢,(A) on character symbols w.r.t. the

renaming p in the following different ways:

m Let U be the structure (A, A*, ¢ ...) of (unordered) lists over character
symbols.

m Let G be the structure
(A {<Xg, oo o X > X <. <X, N>=03}¢..)
of ordered lists.
m Let SG be the structure
(A, {<Xg, oo Xy > Xy <=...<=%X,n>=01}¢..)
of weakly ordered lists.

M. Wirsing: Foundations of Systems Development Fji@
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Simulation of Sets by Unordered Lists

RepUSet= A*
empty’ = ¢
rin" (T1aeens :J:r,,,E = x=u,;forsome:c{l,... n}
_ {z}” = (z)
add”(z, (z1,....25)) = (z.29....,25)
T e
(1, ... xn) ~" (Y1, s Um) < {T1.....Zn} ={¥1,..., Um},

both sequences have the same elements

X3

M. Wirsing: Foundations of Systems Development
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Realisation in Maude

Extension of CHAR-SEQ by the operations of Set

fmod CHAR-SEQ-UNORDERED 1is

protecting BOOL . protecting CHAR-SEQ
var E E1 : Char. var S S1 : Seq
op mt : -> Seq

eq mt = empty

op  : Seqg Seqg —-> Seq
op  : NeSeg NebSeqg -> NeSeq
eq S S1 = S ; S1

op add : Char Seg -> NeSeq
eq add(E, S) = E ; S

op delete : Char Seq —-> Seq
eq delete(E, S) = delAll(E, S)
endfm

M. Wirsing: Foundations of Systems Development
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Realisation in Maude

Definition of Rep and ~
fmod CHAR-SET-BY-UnOSEQ is
protecting CHAR-SEQ-UNORDERED

sort Rep . subsort Rep < Seq
var E : Char . var S S1 : Seq . var R R1 : Seq
op sub : Seq Seg —-> Bool . *** Auxiliary operation
eq empty sub S = true
eq E ; S sub S1 = (E in S1) and (S sub S1)
mb S : Rep
op ~ : Seg Seqg -> Bool
eq R ~ Rl = (R sub R1) and (R1 sub R)
endfm

Then the initial algebra U of CHAR-SET-UNORDERED simulates P, (A) w.r.t.
p : Sig(CHAR-SET) -> Sig(CHAR-SEQ-UNORDERED), sort Set to Seq,
RepU, ~U

M. Wirsing: Foundations of Systems Development mlg
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Simulation of Sets by Ordered Lists

G
REpSet
empty“
minc'ﬁrh...,mn}

{z}¢

G
add™ (x, (xq, ...

)

. :'y'm:}
s Ly Y1y 0 :ym}

G
(21, ... 2n) U™ (Y1, ..
whereby {;1:1,. .

51~ 59

0

oy, ... xp)|ey < ..o < ap,n > 0}

€

r = x; forsomei e {l,...,n}

[

L/
{mlz«"':«T"i:m:mi—l-l:«”'*mﬂ}

< if v, <o < iyl
{mlz"':mﬂ}

| if @ = 2; for some 1

- - -

{41 ..:.Ak}' & REpSet?

{z1,. .., 2k}

51 — 8o

M. Wirsing: Foundations of Systems Development
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Realisation in Maude

The specification of ordered lists in Maude is also based on CHAR-SEQ.

CHAR-SEQ is extended by a boolean function isOrdered and auxiliary operations for
inserting and merging elements:

fmod CHAR-SEQ-ORDERED 1is

protecting BOOL . protecting CHAR-SEQ

var E E1 : Char . wvar S S1 : Seq . var NeS : NeSeq
op isOrdered : Seqg -> Bool

eq 1sOrdered (empty) = true

eq 1sOrdered (E) = true

eq 1sOrdered(E ; E1 ; S) = (E < El) and isOrdered(E1l ; S)
op insert : Char Seq -> Seq

eq insert (E, empty) = E

eq insert(E, E ; S) = E ; S .

ceq insert(E, E1 ;, S) = E ; E1 ; S if (E < E1)

eq insert(E, E1 ; S) = E1 ; insert(E, S) [owise]

op merge : Seqg Seq -—-> Seq

eq merge (empty, S) = S

eq merge(S1 ; E, S) = merge(Sl, insert(E, S))

M. Wirsing: Foundations of Systems Development Mis
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Realisation in Maude

Definition of Rep and ~
fmod CHAR-SET-BY-OSEQ is
protecting CHAR-SEQ-ORDERED .
sort Rep . subsort Rep < Seq .

var E E1 E2 : Char . var S S1 S2 : Seqg .

cmb S : Rep i1f i1sOrdered(S)= true .

op ~ : Rep Rep -> Bool

eq empty ~ empty = true .

eq (E ; S) ~ empty = false .

eq empty ~ (E ; S) = false .

eq (E1 ; S1) ~ (E2 ; S2) = (E1 == EZ2) and (S1 ~ S2)
endfm

Then the initial algebra G of CHAR-SEQ-ORDERED simulates Py (A) w.r.t.
p : Sig(CHAR-SET) -> Sig(CHAR-SEQ-ORDERED), sort Set to Seq,
Rep®, ~C

M. Wirsing: Foundations of Systems Development Mi
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Simulation of Sets by Weakly Ordered Lists

SG

REpSﬁet

empty”“

SG {m}bg

rin' {:131 ~$n}

add‘SC’(:r (X1,...,2Zn))
SG

{:B]_q 5 r?'.[,:} L—‘I {yl" ’ ynl.-'ll
SG

{Tl,f'»qrﬂ_; —~ {y]_'i !‘yﬂl:}

{{(x1,...,xp)|lx1 < ... < xpyn > 0}
€

{ )

\L/

xr = x; forsome i € {1,...,n}
(x1,...,xyz,xy+ 1,0 op)if

rp S x < Tip

- . oG

{A’lr'*':*"k} - REpSet

whereby (zq,...,zg) Is

I

a weakly ordered permutation of
{mlr' e :ir'n} ++ {ylr' . ~ym}

{mlr “ e :ITL} — {ylz« Py yﬂl}!
both sequences have the same elements

M. Wirsing: Foundations of Systems Development
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Constructing Simulations

The Forget-Restrict-Identify method for constructing
simulations

1. Forget:
Forget all symbols, that do not stem from p(X).
2. Restrict:
Restrict the carrier sets to the representing sets Rep..
3. Identify: Build the quotient w.r.t. ~..

® Remark
m Often X1 has to be extended by definitions of the X-operations. The all
sorts and operations not occurring in Z are forgotten.

= In Maude, Rep is usually represented by a subsort.

M. Wirsing: Foundations of Systems Development ;jl|s
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FRI-Implementation

Definition:

A specification SP; FRI-implements a specification SP w.r.t. a signature morphism
o : Sig(SP) — Sig(SPy) (write SP; ~», SP), if every model B of SP; simulates a
model of SP w.r.t. suitable Rep? and ~F.

e Examples
m CHAR-SEQ-ORDERED FRI-implements CHAR-SET w.r.t
® p:Sig(CHAR-SET) -> CHAR-SEQ-ORDERED), sorts Set to Seq and
e Rep and ~ as defined by cHAR-SET-BY-0SEQ

Theorem:
The implementation relationship ~+, is transitive: if SP; ~+,, SP> and SPs ~+,, SP3
implies SP| ~ 4. 00, SPs.

R
0un

M. Wirsing: Foundations of Systems Development
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FRI-Implementation

e Proof Idea ‘d

M. Wirsing: Foundations of Systems T— e
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Parameterized Specifications

e Many standard data structures such as sets, lists and
stacks can be seen as parameterized structures where

the data structure of elements plays the role of formal
parameter.

M. Wirsing: Foundations of Systems Development g
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Stacks

Example: Parameterized
fmod STACK({X TRIV} 1is

Parametrisierte Sorten

sorts Stack{X} NeStack{X}“T/j::::::;

subsort NeStack{X} < Stack{X}

[ctor]

}

Qualifizierte Sorte
des formalen Parameters

op empty -> Stack{X} [ctor]

op push X$Elt Stack{X} -> NeStack{X
op pop NeStack{X} -> Stack{X}

op top NeStack{X} -> XSElt

var E X$Elt47””/////”’//’////”
var S Stack{X}

eq top(push(E, S)) = E

eq pop(push(E, S)) = S

endfm

M. Wirsing: Foundations of Systems Development
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Parametrisierte Spezifikationen

Eine parametrisierte Spezifikation (oder generische Spezifikation) hat die Form
fmod SN{SP1l, .., SPk} is
Body
endfm
wobei
SN der Name der parametrisierten Spezifikation,
SP1, ..., SPk die Namen der formalen Parametertheorien und
Body der Rumpf der Spezifikation ist.

SN ist wohldefiniert, wenn der Rumpf die formalen Parameter erweitert, d.h. wenn
including SP1. ... including SPk. Body
wohldefiniert ist .

M. Wirsing: Foundations of Systems Development ™
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Parameterubergabe

Zur Parametertbergabe muss der formale Parameter mit
dem aktuellen Parameter in Beziehung gebracht werden:

® Die Signatur des formalen Parameters muss in die
Signatur des aktuellen Parameters umbenannt werden und

e der aktuelle Parameter muss die Anforderungen des
formalen Parameters erfllen.

M. Wirsing: Foundations of Systems Development MiS
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Theoriemorphismus

Eine aktuelle Parameterspezifikation SP2 ist korrekt bzgl. einer formalen
Parametertheorie SP1 , wenn SP2 alle Eigenschaften (Axiome) von SP1
erflllt:

Ein Theoriemorphismus o: SP1 — SP2 erhalt die Theorie von SP1;

Definition (Theoriemorphismus):

Ein Theoriemorphismus o: SP1 — SP2 ist ein
Signaturmorphismus a: sig(SP1) — sig(SP2),

so dass fur jedes Modell M € Mod(SP2) qilt:
M|, € Mod(SP1);

d.h.

SP2 erflllt alle Axiome von SP1 (modulo Umbenennung).

M. Wirsing: Foundations of Systems Development ™



Change of Data Structures 27

Sicht (View)
Jeder Theoriemorphismus a.: SP1 — SP2 induziert eine
Sicht von SP1 nach SP2:
Definition (Sicht in Maude)
Sei a: SP1 — SP2 ein Theoriemorphismus.
Dann ist
view SM from SP1 to SP2 1s o endv

eine Sicht in Maude.

M. Wirsing: Foundations of Systems Development MiS
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Sicht (View)

Beispiel: Eine Sicht von TRIV nach STRING
view Char from TRIV to STRING is

sort Elt to Char
endv
wobei

fth TRIV 1is
sort Elt
endfth
fmod STRING 1is
sort Char

sort String

endfm

M. Wirsing: Foundations of Systems Development
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Parameterubergabe

Beispiel:
® Instantiierung von STACK{X :: TRIV} mit der Spezifikation STRING .

Die Sorte E1t wird in Char umbenannt, d.h. der formale Parameter von
STACK muss eine Sicht auf STRING besitzen.

fmod CHAR-STACK is

including STACK{Char}
endfm

¢ Instantiierung von STACK{X :: TRIV} mit der Spezifikation NATURAL .
view Natural from TRIV to NATURAL is
sort Elt to Natural
endv
fmod NAT-STACK 1is
including STACK{Natural}
endfm

M. Wirsing: Foundations of Systems Development Mi
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Parameterized Finite Maps

fmod MAP{X :: TRIV, Y :: TRIV} 1is
sorts Entry{X,Y} Map{X,Y}
subsort Entry{X,Y} < Map{X,Y}

op |-> : XSElt YSElt -> Entry({X,Y} [ctor]

op empty : -> Map{X,Y} [ctor]

op , : Map{X,Y} Map{X,Y} -> Map{X,Y}
[ctor assoc comm i1id: empty prec 121]

op undefined : -> [Y$Elt] [ctor]

var M : Map{X,Y¥} . var D : XSElt . var R : YSElt

op [ ] : Map{X,Y} XSElt -> [YSElt]
ceq (M, D |-> R)[D] = R if ShasMapping (M, D) = false
eq M[D] = undefined [owlse]

M. Wirsing: Foundations of Systems Development
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Parameterized Finite Maps

MAP{X :: TRIV, Y :: TRIV} continued:

op S$hasMapping : Map{X,Y} X$Elt -> Bool
eq ShasMapping((M, D |-> R), D) = true
eq ShasMapping (M, D) = false [owise]

op insert : X$Elt YSEIlt Map{X,Y} -> Map{X,Y}
eq insert(D, R, (M, D |-> R')) =
if S$hasMapping (M, D) then insert (D, R, M)
else (M, D |-> R)
fi .
eq insert(D, R, M) = (M, D |-> R) [owise]
endfm

M. Wirsing: Foundations of Systems Development
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Example: Implementing Stacks by Finite Maps (Arrays)

 Simulating stacks over finite maps indexed by nat. numbers :
fmod STACK-BY-MAP{X :: TRIV} 1is

protecting MAP{Natural, X}

sorts Stack{X} NeStack{X}

subsort NeStack{X} < Stack{X}

op pair : Map{Natural, X} Natural -> Stack{X} [ctor]

op emptyStack : -> Stack{X}

op push : XS$SElt Stack{X} -> NeStack{X}

op pop : NeStack{X} -> Stack{X}

op top : NeStack{X} -> XSElt

var E : XSElt . var I : Natural
var M : Map{Natural, X}
eq emptyStack = pair (empty, 0)

eq push(E, pair(M, I)) = pair(insert(I, E, M), s I)
eq top(pair(M, s I)) = MI[I]
eq pop (pair(M, s I)) = pair(M, I)

endfm

M. Wirsing: Foundations of Systems Development
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Example: Implementing Stacks by Finite Maps (Arrays)
e Jnstantiating maps by character symbols:

fmod CHAR-STACK-BY-MAP 1is
including STACK-BY-MAP{Char}

endfm

red in CHAR-STACK-BY-MAP
top (push ("a", push("b", emptyStack)))
red in CHAR-STACK-BY-MAP
top (pop (push ("a", push("b", emptyStack))))

M. Wirsing: Foundations of Systems Development
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Example: Implementing Stacks by Finite Maps (Arrays)

Theorem
STACK-BY-MAP{X :: TRIV} Isan
FRI-implementation of STACK{X :: TRIV}.
Proof:

Let MO be any model of STACK-BY-MAP and restrict it to the signature of
STACK:

M= MOlsig(STACK{X :: TRIV})
Define the following representation set and congruence:
RepMe = Mgy
RepMsiackp =
{pairM(m, i) | m € My,,; i <= [m[+1
and vk : Natural: k <i => m[k]M is defined}
pair(my, i) ~y pair(m,, j) iff
i =j A Vk:Natural: k <i=>mk]M=m,[k]M

M. Wirsing: Foundations of Systems Development ™
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Example: Maude Representation

fmod STACK-REP{X :: TRIV} 1is
protecting STACK-BY-MAP{X}
sort Rep{X} . subsort Rep{X} < Stack{X}

op welldefined : Stack{X} -> Bool

op equ : Map{Natural, X} Map{Natural, X} Natural -> Bool
op ~ : Stack{X} Stack{X} -> Bool

var E : XSElt . var I J : Natural

var M M1 M2 : Map{Natural, X} . wvar S : Stack{X}

cmb S : Rep{X} 1f welldefined(S)
eq welldefined(pair (M, 0)) = true
eq welldefined(pair(M, s I)) =
welldefined(pair (M, I)) and S$hasMapping (M, I)

eq equ (M1, M2, 0) = true

eq equ(Ml, M2, s I) = equ(Ml, M2, I) and (MI1[I] == M2[I])
eq pair(M1,I) ~ pair(M2,Jd) = (I == J) and equ (M1, M2, I)
endfm

MiS

M. Wirsing: Foundations of Systems Development g



Change of Data Structures 36

Proof of the Theorem

® The quotient M" = Repy/~y, is a well-defined sig(STACK{X :: TRIV})
algebra which is generated by emptyStack and push.

e The two STACK axioms hold in M" :

1. M’' |= top(push(x, pair(m, i))) = x:
Let v be any valuation with elements of M’ . Then

MV |= top (push (x, pair(m, 1i))) = [Def. of push]
top (pair (insert (i, x, m), s 1i)) = [Def. of top, insert]
m[i] = [Def. of _[_]in MAP]
X

2. M’ |= pop(push(x, pair(m, i))) = pair(m, i) :
Let v be any valuation with elements of M’ . Then
MV |= pop (push (x, pair(m, i))) = [Def. of push]
pop (pair (insert (i, x, m), s 1)) = [Def. of pop]
pair(insert (i, x, m), i) =
[forallk < i: insert(i,x,m) [k] = m[k] ]
~ pair (m, 1) g.e.d

M. Wirsing: Foundations of Systems Development Mi
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Theorem:

Let SP = (Z,E) be a functional specification,
SP’ a specification with £ < Sig(SP’) and let
AX(Rep, ~) be an axiomatisation of

m a characteristic predicate Rep and
m a X-congruence relation ~ over SP’.

Let
fmod SP” 1is
protecting SP’
Ax (Rep, ~)
endfm
Then SP’is a FRI-Implementation of SP, if
m Rep/~ is freely generated by the Z-constructors of SP’

m SP” fulfils the axioms E of SP on Rep/~, i.e.
SP" |= Ggep, forall G € E

M. Wirsing: Foundations of Systems Development
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whereby G'gep .~ is defined inductively by:
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Example: Implementing Stacks by Finite Maps (Arrays)

We define axiomatically the characteristic predicate Rep of the representation set
and the congruence ~ over STACK-by-MAP:

Repg,;, : XSEI1t -> Bool

RePgrackixy ¢ Stack{X} -> Bool

_~pip t XSELt XSEI1t -> Bool

_ “stackix)_ : Stack{X} Stack{X} -> Bool
vars E, E’ : XSElt . var St : Stack{X}

vars M, M’ : Map{Nat, X} . vars I, J : Natural
eq Repg;. (E) = true . ***Repg, holds for all E € X$EIt
eq RePgicxix (Pa1ir (M, I)) = true
if T <= |M| + 1 and
forall(k : Natural. k < I => M[k] >= 0)

eq E ~; Ef = (E = E’).
eq palr(M, I) ~giicxxy PairM", J) =
I == J and
forall(k : Natural . k < I => M[k] == M’ [k])

M. Wirsing: Foundations of Systems Development
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Then we can prove the STACK axioms as follows:

1.V E: XSE1lt . V St : Stack{X} . top(push(E, St)))
= FE
Relativization w.r.t. Rep and ~ yields
V E: XSE1lt . V St : Stack{X}
Repy . (E) and Repg  .xx) (St) => top(push(E, St))) ~5. E .
By the definitions of Rep and ~ we get:
V E: X$SE1t . V M : Map{Nat, X} .V I : Natural

(I <= |M|+1) => top(push(E, pair(M, I))) = E .

We prove this by the axioms of STACK-by-MAP:
top (push (E, pair(M, I))) = [Def. of push]
top (pair (insert (I, E, M), s I)) = [Def. of top, insert]
M[I] = [Def. of _[_] in MAP]
E

M. Wirsing: Foundations of Systems Development MiS



Change of Data Structures 41

2.V E: XSE1t . V St : Stack{X} .pop(push(E, St))) = St:
Relativization w.r.t. Rep and ~ vyields
V E: XSEl1t . V St : Stack{X}
Repg,. (E) and Repgi crx; (ST) => pop (push(E, St))) ~seaenx ST
By the definition of Rep we get:
V E: X$E1lt . V M : Map{Nat, X} .V I : Natural
(I <= |[M|+1) =>
pop (push (E, pair (M, I))) ~giackixy PR1IT (M, I)))
We prove this by the axioms of STACK-by-MAP:

pop (push (E, pair (M, I))) = [Def. of push]
pop (pair (insert (I, E, M), s I)) = [Def. of pop]
pair (insert (I, E, M), I) ~giackix)
[forallk < I: insert(I,E,M)[k] = M[k] ]
pair (M, I) g.e.d.
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Summary (I)

e |f a Xj-algebra B simulates a X-algebra A as follows (called change of data
structure):
Every carrier set of A is represented by a subset Rep of a carrier set of B, and every
function symbjol of X is represented by a function symbol of ;. Several elements of
Rep can represent the same element of A, thus inducing an equivalence relation ~

o A specification SP; FRI-implements a specification SP w.r.t. a signature morphism
p , if every model of SP; simulates a model of SP w.r.t. suitable Rep and ~.

¢ Implementation relationships are proved on the level of specifications. The
characteristic predicate of Rep is used for this purpose. A specification SP’
FRI-implements a specification SP, if Rep and ~ can be defined over SP’ in such a
way that Ep,,, .. holds in SP’ for any axiom E of SP.
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Summary (II)

e Maude unterstltzt Strukturierung von Spezifikationen
durch Umbenennung und Parametrisierung.

¢ Eine parametrisierte Spezifikation hat Theorien als
formale Parameter.

e FEin aktueller Parameter SPA muss (modulo
Umbenennung) die Signatur des formalen Parameters T
enthalten und alle Eigenschaften von T erflllen, d.h. es
muss einen Theoriemorphismus von T nach SPA geben.
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