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Definition: Let E be a set of Y.-identities.

1. The identity s = t is a semantic consequence of F
(F = s ~t) iff it holds in all models of E.

2. The relation
~p:={(s,t) e T(X,V)xT(X,V)|E

= s~ t}

is called the equational theory induced by E.

Butis s ~r t decidable?
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Theorem: If F is finite and — g is convergent
(confluent and terminating), then ~p is decidable.

(See [1])

* So we have to check whether —E (and therefore
our module) is terminating and confluent.




* Proving termination
— Next lecture (at least a sketch)
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Proving confluence:

* Confluence is decidable for a finite and terminating
term rewriting system due to the Critical Pair
Theorem:

A TRS is locally confluent iff all its
critical pairs are joinable.
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Unification is the process of solving the satisfiability
problem:

given F, s and ¢, find a substitution o
such that os ~g ot .

o is called unifier of s and ¢ or
a solution of the equation s =t .




) has exactly one unifier {z +— a} .

fla
f(y) has many unifiers:
y)}

1z = fla),y — a},.
f(z) =" g(y) has no unifier.

r =" f(z) has no unifier.



A substitution o is called the
most general unifier (mgu) of £
if for every other unifier o of E there is a
substitution 0 with
o =do .
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Newman’s Lemma: a terminating relation is confluent
If it is locally confluent.
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There are rules I; — r; € R, positions p; € Pos(s) and substitutions o; such
that s|,, = o;l; and t; = s[orp,, i =1,2.




No overlap
h—tf‘l lg—ra




P1
> P2

/

Picture from [1]

Overlap: p; is a prefix of pg, i.e. pos = p1p
for some p which could be empty .

/0'1 1
o171 (o1ly)[o2r2]p
® *
:
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Non-critical overlap: osls is at a

ANNIANVIAN variable position of [ .

r

xr -
‘2—‘72\(2) l"'—'"zl(a 1)

: /0 \ ; : j : Picture from [1]
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Definition: Let [; — r;,2 = 1,2, be two rules
whose variables have been renamed such that
Var(ly,r1) N Var(la,re) = 0.

Let p € Pos(l1) be such that l1|p is not a variable
and let § be an mgu of {1|, = " 1.

This determines a critical pair

(071, (011)[072],) - ol

SN

Or1 (011)(0r2],
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Critical Pair Lemma:

If s —>pti,e=1,2, thent; | t5 or
t; = sluilp, i = 1,2, where (uq,us) or (us,u;)
is an instance of a critical pair of R .

Critical pair theorem:
A TRS is locally confluent iff all its
critical pairs are joinable.

=» A terminating TRS is confluent iff all its critical pairs
are joinable.
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