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Motivation

m State-space explosion for a large number of sequential components.
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Deterministic Approximation

m The goal is to find an approximation which is independent from the
population counts of the sequential components.

m The approximation is deterministic and is based on a system of
ordinary differential equations (ODEs).

m Define

N(t) = (N(Dowload, t), N(Think, t), N(Upload, t), N(Log, t)).
m The ODEs will have the form dN(t)/dt = F(N(t)), in components:
dN(Dowload, t) dN(Think, t)

G = AN, T = R(NG),
MUpload, ) _ p(ngey), LB gy

m N(t) will be the solution of an initial value problem with
N(0) = (Nc,0, Ns,0).
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Some Remarks

m These ODEs are different than those obtained from the forward

equations of the continuous-time Markov chain which underlies a
PEPA model.

m Firstly, because the state descriptor is different.

m Secondly, each of the forward equations gives the time-course
evolution of the probability of being in a state of the chain. Therefore
the total number of equations equals the state space size (which may
get extremely large).

m Instead, in the approximating ODEs the number of equations is
independent from the population levels, but it does depend on the
number of local states of the sequential components in the system.
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Numerical Vector Form

Consider the initial PEPA process Download[N¢] , B4 Upload[Ns].

{ transfer}

The following general structure for its derivative set may be inferred:

Cll Gl Cne (B, St Szl ] Sws:

ansfer }

with, forall 1 <7 < N¢and 1 <j < Ng,
Ci € ds(Download) = { Download, Think},
S; € ds(Upload) = {Upload, Log}.

The numerical vector form (NVF) is an alternative state representation
which counts how many sequential components exhibit a local state.

> L > L Y Ly
Ci=Download = C;=Think  S;j=Upload  Sj=Log
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Examples

oo, > 1, > LY 1| = (nd,ne,nu, )

Ci=Download  C;=Think  Sj=Upload  Sj=Log

Process NVF

Download[N¢] B Upload[Ns]  (N¢,0,Ns,0)

{ transfer}

Download || Think P Log || Log (1,1,0,2)

{ transfer}

Think || Download B4 Log || Log  (1,1,0,2)

{ transfer}

Tribastone (IFI LMU) Performance Modelling of Computer Systems Fluid PEPA

6/ 24



Programme

The ODEs are obtained through a continuous-time Markov chain in which
the state descriptor is in the numerical vector form. This CTMC is called
the population-based CTMC.

It needs not be explicitly derived, instead a symbolic representation will
contain all the information necessary to forming the ODEs.

In this way, the behaviour of the ODE solution can be related to that of

the stochastic process, thus justifying the differential approximation
introduced.
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Population-based CTMC

Consider a PEPA component P such that there exists P (or)

—% P’ with
r>0, and ds(P) = {P,P'}.

The process P[2] = P || P admits the following two derivations

p (a,r) P’ g P (a,r) p!
an
PIIPLDs PP PIIPD:p P

Similarly, the process P[3] = P || P || P admits three derivations:

(a,r)
PIPIP—==P PP,
(er)
P||P||P P||P/H'D
PIPI PPy PP
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Array of Components

In general, the process P[np], for any n, € N, admits n, derivations where
np — 1 components do not change state and one component behaves as P’

PIPI.. PSP PIP]. .| P
*z—/ _,—/

np npfl
PIPI PSP PIPIPI. P, 1<i<n,—2

—_———
np i np—i—1
()

PlP|...IP—>P]|...|P]|P.

np np—1

In the population-based CTMC, we observe that all target states
correspond to the same state (n, — 1,1), hence one can write

(a,npxr)

(np,0)

and this holds for any process P, and for any np, o, and r > 0.

(nP - 1a 1)
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Arrays in Parallel

Therefore, from the knowledge of a single process P ﬂ P’ we can infer
the behaviour of n, such processes in parallel.

Now, let us consider the process P[np] || Q[ng], where ds(Q) = {Q, Q"}
and there exists Q Q' s> 0.
According to the semantics of PEPA, we can write n, derivations of kind,

(a,r) .

Plrp] || QIngl == P ... I[P P I[PI... [ P Qlng], 0<i<np,
—— —
i np—i—1

and ng derivations of kind

(Bs), :
Plnp] || Qlngl === Plnp] | Q| - | QU N QI..-1Q 0<j<ng

hr—/ _/—/

J ng—j—1
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Arrays in Parallel

In the NVF, these two groups of transitions can be represented as follows:

(np, 0, g, 0) (2.np 1) (np—1,1,n4,0)
(M9, 0, g, 0) L (1 0, ng — 1,1)

In general, for a state (np, nyr, ng, ng), with ny, ng > 0 the transitions

may be written as follows:

(a,npxr)

(np, Ny, ng, ng’) (np—1,ny +1,nq,ng)

(a,ng xs)

(P, Npr, ng, Ngr) (np, Ny ng — 1, ng + 1)

(...and all transitions in which P’ and Q' are involved)

Again, the population-based transition may be inferred
from the behaviour of the single components
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Arrays in Parallel

In, the running example, the initial state Download|[N(¢] {trisﬂfer} Upload[Ns]

enables us to say that the generic state of the population-based CTMC
will be in the form:

Download[ng] || Think[n:] A B Upload[n,] || Log[n/]

{ transfer}

with state descriptor (ng, n¢, ny, ny).

The derivations so far considered allow us to infer transitions for
Download[ng] || Think[n;].

Next, we wish to infer derivations for P[np)] BLQ Q[ng], with L # @, from the
basic synchronisation behaviour of P DF Q.
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Synchronisation between Arrays

Let ds(P) = {P, P'}, P ™7, P’ and ds(Q) = {@, @'}, @ 2 @
( Ixs ><m|n(rs)) , ,
P=Q P'IQ

Consider now the process P|2] Df Q[2].

min(2xr, 2><s))

P[2] [{}ﬁ Q[2] ( 72><r><2><s

r S H
(a,er X s m|n(2><r,2><5))

PIPXEQQ

PRI Q2] PrIPHEQ]Q
( 5 X s m|n(2><r2><s) , ,
P21 B Q2] PIP Q] Q

min(2><r,2><s))

77 X 7
Pl2) b= g2y T PIP Q@

In the NVF (np, ny, ng, ng) there is a transition

X 5o X 55= min(2xr,2xs)=min(2xr,2xs)

4
(2,0,2,0) —= =

(1,1,1,1)
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Apparent Rate Calculation

Apparent rates can be also inferred from the rates of the individual
components:

ra(Pnp]) = np x ra(P)
ra(Plnp] || QIngl) = np X ra(P) + ng x 1a(Q)

~f min(np x ro(P),ng x ro(Q))  ifael
ra(Plnp] BF QIng]) = { np X ra(P) 4+ ng x ro(Q) otherwise
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General Procedure

Given a PEPA model, the cooperation structure of the process can be
found. For example, Download[Nc] {tD{] Upload[Ns] gives rise to

ransfer }

Download[ng] || Think[n¢] =B Upload[n,] || Log[n/],

{ transfer}

with NVF n = (ng, n¢, ny, ny).

Interpret the symbols within square brackets (e.g., ng, ne, ny, ny) as
variables. For instance setting ng = N¢,ns = nj =0, n, = Ng gives
the initial state.

Infer transitions for the generic state (parametric in the counter
variables) from the behaviour of the single components. . .
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p (@, pr
0D, Plnp—1] || P!

Plnp]

For example,

(transfer,ry)

Download ————= Think

w)* Download[ny — 1] || Think

Download|n4]

(transfer,ry)
Y

Upload

transfer,nyXry)

Log

Upload|[n,] ( « Upload[n, — 1] || Log



Parametric Transitions

p (a,rp(n)) =

P DLQ Q (a,rp(n)) . P/ BLQ Q

aégl,

Q (a”'q(n)) . Q[

For example,

Download[n4] )

(transfer,ng X rgq
- - drdn

« Download[ng — 1] || Think

Download[n4] || Think[n:] )

(transfer,ny X ry

Upload[n,]

(transfer,ng X ryq
%

« Download[ng — 1] || Think || Think[n:]

N Upload[n, — 1] || Log

(transfer,n, X ry

Upload|[n.] || Log[ni]
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Parametric Transitions

(a;rp(n)) = Q (a;rg(m)) L Q

P

a€ L
PDQQ

) )
R(I‘I) - ra(P) ra(Q) (Q(P)v Dl(Q))

For example,

(transfer,ng X ry)
e

Ding] [| T[n:] « Dlng = 1] || T[n: + 1]
ransfer,nyxry

Ulna] | Lim] S5, U, — 1] | L || Lin]

(transfer,min(ng rg,ny ru))

Dlng] || Tn:] B U[n] || L[] ’ .
Dlng — 1] || Tlne + 1] 5 Ulny — 1] || Lln + 1]

(transfer,min(ng rg,ny ru))

(ndf‘ N, Ny, n/)

«(ng—1,n+1,n,—1,n+1)
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Continuous Approximation

transfer,min(ng rq,ny ry))

«(ng—L,ne+1,n,—1,n+1)

(nd7 nta n,_,, nl) (

(think,n; r;)

(ng, ne, ny, ny) « (ng+1,n—1 n,, n)

) (log,n; rr) . (

(nd7nt7nu7n/ nd7nt7nu+17n/_1)

m N(t) = (N(Dowload, t), N( Think, t), N(Upload, t), N(Log, t)) is a vector of

continuous variables.

m After one time unit, the population counts of some components change by
an amount equal to the transition rate, e.g.

N(Dowload, t+1) ~ N(Dowload, t)—min(N(Dowload, t) rq, N(Upload, t) r,,).

m We assume that after At time units, components change linearly with this
rate, e.g.

N(Dowload, t + At) = N(Dowload, t)
— min(N(Dowload, t) rq, N(Upload, t) r,)At + o(At)
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Continuous Approximation

transfer,min(ng rq,ny ry))

(nd7nt7nuanl) ( * (nd_lant+17nu_1)n/+1)

(think,n; r;)

(ng, ne, ny, ny) « (ng+1,n—1 n,, n)

) (log,n; rr) . (

(nd7nt7nu7n/ nd7nt7nu+17n/_1)

N(Dowload, t + At) = N(Dowload, t)
— min(N(Dowload, t) ry, N(Upload, t) r,) At + o(At)

Rearranging and taking the limit At — 0 yields

dN(Download, t
% — — min(N(Dowload, t) rg, N(Upload, t) r,)

But this is only a partial view of the overall model!

dN(Download, t)

p = —min(N(Dowload, t) rq, N(Upload, t) r,) + N(Think, t)r;
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ODE Generation

transfer,min(ng rq,ny ry))

(nd7nt7nuanl) ( * (nd_lant+17nu_1)n/+1)

(think,n; r;)

(ng, ne, ny, ny) « (ng+1,n—1 n,, n)

) (log,n; rr) . (

(nd7nt7nu7n/ nd7nt7nu+17n/_1)

In general, for a transition n L), define fa(n, 1) ;== f(n), with | =n’ —n.

The system of ODEs is defined as

dN(t)
= za:zI:Ifa(N(t), 1).

In our example,

dN(t)
dt

= (—1,1,—-1,1) min(N(Dowload, t) ry, N(Upload, t) r,,)
+(1,-1,0,0)N(Think, t)r: + (0,0,1,—=1)N(Log, t)n,
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ODE Generation

transfer,min(ny rg,ny ry))

(nd7nt7nuan/) ( * (nd_lant+17nu_17n/+1)

(think,n; r;)
e

(nd, ne, ny,y ny) « (ng +1,n.—1 n,, nf)

log,n; r7)

(nd7nt7nuanl) ( * (ndantanu+17n/_1)

In components:

dN(Download, t) = —min(N(Dowload, t) rq, N(Upload, t) r,) + N(Think, t)r;

dt
dN(Think, t
% = + min(N(Dowload, t) rq, N(Upload, t) r,) — N(Think, t)r;
dN(Upload, t
% = —min(N(Dowload, t) rqy, N(Upload, t) r,) + N(Log, t)n
dN(Log, t)

p = + min(N(Dowload, t) rq, N(Upload, t) r,) — N(Log, t)r
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Relationship between ODE and CTMC

2 .
— = ODE
\ o _\_\ <<<<< N=10
15¢ : — — — N=100
\- 4444444 N=1000
= \
2 1 AN '/'\
QO r- -
o N — \,\\' .
N AT
0.5} b
0

0 0.5 1 1.5 2 2.5 3
Time

Tribastone (IFI LMU) Performance Modelling of Computer Systems Fluid PEPA 23 /24



Relationship between ODE and CTMC

n=1 n =10 n =50 n = 100

Component 5% Avg. 95% 5% Avg. 95% 5% Avg. 95% 5% Avg. 95%
CT: Request | 0.09% 19.62% 74.20% | 0.01% 515% 29.09% | 0.01% 187% 8.73% | 0.01% 1.16% 4.85%
Cl: Wait | 022% 17.09%  59.36% | 0.03% 197%  7.57% | 0.02% 0.76% 2.60% | 0.02% 0.55% 1.70%
Cl: Think | 070% 31.13% 87.57% | 0.09% 296%  9.92% | 0.06% 171% 6.00% | 0.07% 1.62% 5.16%
Sr:Wait | 031% 13.02%  50.49% | 0.06% 246%  9.66% | 0.05% 1.24% 456% | 0.05% 1.23%  4.14%
Sr:Fresh | 056% 2021% 60.54% | 0.09% 3.74% 12.81% | 0.03% 2.09% 7.03% | 0.06% 1.82%  5.68%
Sr:Force | 120% 31.02% 8557% | 0.29% 4.39% 11.49% | 022% 3.63% 9.17% | 021% 3.27% 7.80%
Sr:Write | 095%  27.68%  80.39% | 021% 4.14% 12.38% | 0.12% 291% 9.26% | 0.10% 2.64% 8.91%
Sr:Reply | 0.26% 24.69% 71.60% | 0.07% 3.70% 13.10% | 0.04% 1.69% 4.70% | 0.05% 148%  5.44%
Sr:Repair | 0.16% 1319%  50.63% | 0.01% 2.77% 11.37% | 0.01% 132% 532% | 0.02% 0.90%  3.92%
Db: Wait | 0.01%  3.64% 2021% | 0.01% 0.77%  3.66% | 0.01% 043% 1.70% | 0.01% 038% 133%
Db:Update | 0.04%  4.04% 17.08% | 0.03% 1.07%  433% | 001% 0.79% 293% | 0.01% 0.81% 2.76%
Rb:Gather | 0.05%  4.00% 16.56% | 0.02% 1.09%  3.54% | 0.02% 0.95% 3.23% | 0.02% 0.89% 3.52%
Rb: Write | 0.03%  2.82% 15.60% | 0.02% 1.03%  3.12% | 0.02% 091% 3.01% | 0.01% 0.89%  3.00%

Numerical experimentation over 300 randomly generated models. Percentage absolute

error with

respect to steady-state stochastic simulation of the PEPA model.
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